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SUMMARY

In this report an inviscid, compressible, linearized disso-
ciating gas flow over slender bodies of general cross section is
considered, Essentially it is an extension of the é;nventional
slender body theory include the dissociation effects., Both super-
sonic and subsonic cases are examined. To our present approximation
the lateral forces and moments are found the same as those for the
conventional case, but there exist additional non-equilibrium terms
in the drag expression. If the body is pointed at both ends, the
non-equilibrium term is formally the same for both the supersoﬂic
and the subsonic cases except that the sign in the respective cases
is just the opposite., Physical aspects of the nonequilibrium drag
problem are briefly considered, These considerations show that in
the subsonic case the nonequilibrium term represents a drag and in
the supersonic case it is a thrust, Finally, the supersonic drag

of slender bodies of revolution at small angle of attack has been

calculated, including dissociation effects.




% Notation
} a Velocity of sound
c Contour of the cross section in plane normal

to x-axis (see below)

¢ Drag coefficient
Drag
F'1 Inverse Fourier transform

t-- . ERER] Yoo s
o

Modified Bessel function

= ac/afl Ratio of the equilibrium speed of sound to the
frozen speed of sound

Length of the body

w,.w».««,,x,,‘?ﬁ _
; , . ;’
o~

tor L1 Inverse Laplace transform
§ % L Frozen Mach number
i n Normal to the body contour in y-z plane
;- P Pressure
- q Velocity
;l r Radial coordinate
i R Body radius
: t Thickness of the body
| i A . Distance along C
f s Laplace transform variable
| S Cross section area
:5 u,v,w Velocity component in x, r, direction
;i X,y,2 Rectangular coordinates, x-axis being in the free

stream direction
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Subscript

Superscript
Bar

Prime

Free stream velocity
Complex potential
defined in Eqs. (3), (9)

Angle of attack
Defined in Eq. (3a)

Euler's constant

Complex variable

Angular coordinate

Mass density

Effective relaxation time, ref. (1)
Perturbed potential

Fourier transform of

Stream function

Fourier transform variable

Equilibrium state
Frozen state
Undisturbed state

Real part

Laplace transform

Perturbed quantities
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JUSU—



. formed equations (transformed with respect to x) are identical in

I. INTRODUCTION

The linearized inviscid compressible dissociating flows
of a diatomic gas ;;e irrotational and satisfy a generalized
wave equation of third order in terms of the velocity potential
¢ . This equation was first derived by M.oore1 and has the same
form as the equations for the propagation of elastic waves in a
material subject to the relaxation of stresses, as obtained by

Morrisonz.

By means of this linearizedeequation, several authorsl’3’4’5

have®discussed some two-dimensional flow problems. ‘Except for
the case of a flow past a wavy wa113, it was difficu1t1’4’5 to
determine the flow field. Therefore, in most of the recent results,
only the conditions on the body surface were evaluated, For the
study of an entire flow field, Moore and Gibson1 further simpli-

fied the generalized wave equation to a variant of the telegraph
[ ]

equation for which solution may be obtained in a closed form.

The present report deals with linearized dissociating flow
past slender pointed bodies of general cross-section. Essentially
it is an extension of the earlier works of Ward and Adams and
Sears6’7, to include the dissociation effects. Both the supersonic

and subsonic cases have been considered. The Laplace transform

method is used for the supersonic case, the Fourier transform

" methods for the subsonic case., It will be seen that the trans-
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form as those obtained by Ward and Adams and Sear86’7. Then

by the usual slender body approximations, the problem can be

solved without any additional simplifications.

Non-equilibrium processes lead to irreversible increase
in entropy along streamlines in the flow. However, this in-

5 consequently,

crease of entropy 1s of second order of magnitude,
to our linear approximation, the flow is still isentropic.
Kusukawa and L18 have shown that the nonequilibrium drag due to
the increase of entropy is of the third order in perturbation
quantities, Such a nonequilibrium entropy drag will not be con-

sidered in the present paper.

We remark also that though we shall always refer our dis-
cussion to dissociation in this report, actually all the results
apply equally to the case of vibrational relaxation because the

linearized equation for these two cagses is of the same form.

Development of the present theory was completed in late
spring of 1961. Essentials of this work have been recorded pre-
11
viously in Wang's thesis =~ which was carried out under Li's

12 gtudied the present problem

direction. Independently, Clarke
and obtained results similar to the present theory. However, in
Refs. (11) and (12) the authors held different opinions on the
matter of the subsonic nonequilibrium drag on a doubly pointed

slender body. Clarke concluded that in such a case the subsonic

e g L i

e S, kit By




nonequilibrium drag is positive, Wang contended, on the other
hand, that the subsonic nonequilibrium drag expression can take
either positive or negative sign depending on the body shape
(see Appendix of the present paper, also see Ref, 11). To be
sure, the subsonic nonequilibrium drag problem was studied by
Kusukawa and L18, using a thermodynamic approach. These recent
calculations would support Clarke's conclusion. Publication of
the present paper 1s undertaken at this time since it would com-
plement the research results of Refs., 8 and 12, It is hoped
that a quantitative analysls of the nonequilibrium drag effects

will be made available shortly.




II. SOLUTIONS OF THE EQUATION

Consider a cylindrical coordinate system as shown in

Fig. I, the free stream Velocity U being aligned with the

x-axis, while the pointed nose being located at the origin.

?? The body is slender, subject to the same restrictions as in

} the conventional slender body theory6’7. Its cross section *

L may not be circular, The medium is taken to be a diatomic
{ gas such as pure oxygen or nitrogen which forms a binary mix-
} ture when partially dissoclated. 1In a linear theory the flow

is irrotational, a perturbation potential ¢> may be defined:

q = v¢

where 57 is the perturbation velocity. For steady flows,

satisfies the following equation1

3 __‘Iz[(l—M)M B4 o186 L1 Bjy_ﬁ]

2 2 2

R ey
| % )
! -+ [(l )é _ -+l_3_? 4 1 Bzi
hq B)_ B\\ lea JI“B%L
| where
"

| Mg = R- %= < |
‘ Q.{V ’ q-{V‘

)

T  denotes the relaxation time, Mf; the frozen Mach number,
%‘, and O, are respectively the equilibrium speed of
sound and the frozen speed of sound. It can be shown that oLfV

?! is greater than <1e°_ so that, generally, k is less than unity.




! For the ideal cases of equilibrium and frozen flows, there is

5 only one speed of sound, a.ev and G.{‘_ respectively, Eq. (1)

consists of two parts (in two separate brackets), one for

frozen flow, the other for equilibrium flow. When the relaxa-

} tion f? is long, the frozen part dominates; in the opposite case,l

[ J
the equilibrium part will govern the motion. In the following,

L

i we shall refer to flows as being "supersonic" or 'subsonic'" where

both NQ_ and %Ef are greater or less than unity.

e e ot T,

} (a) Supersonic case

For the supersonic case, in front of the frozen Mach line
®

f . from the nose the disturbances ang the perturbation potential

vanish. In the disturbed flow region, Eq. (1) can be written as

° ﬁ&[(m_.)_ﬁ—é_ﬁ 129 _1 ¥
y R* AT A RN 3 P57 (1-a)
d 2 >
+[£"_ﬁ_.)}_% S 139 —L—fi
rR® 22 23 ndxn N Sn?
Eq. (l1-a) can be solved by the Laplace transform method. With

the notation S :ééi , the operational form of Eq. (l-a) is

} 2 7 -
B_..._é + 1 E 41 }¢ .('2; (2)
Y\ T AN 7{ g_;_
where
‘ e
I R 4
¢ = fc b dx
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and we have defined here

5 4
. ,
M
G = _ Mo
\ T _EL__Z___ . (3)
Mes -
S

Since K < 1, hence B, > ?2 , ot may be positive or negative, but
[

. always real. It is interesting to see that the transformed

equation (2) assumes a form identical to that for the conventional

case of non-dissociating flow, The difference appears only in eé" .

For purely frozen or equilibrium flows Eq. (3) reduces to

b 2 B g,

&
"

SQCM{Z—‘)

:‘ ] = st M )

: } The solution of Eq. (2) may be readily obtained, for ex-
ample, by the separation of variables method in terms of modified
Bessel functions K, (43 ) and I,\@h)- To have an outgoing

| wave propagating downstream from the body, we take

T -

-
! ¢ = Eo K\(ldlh)[CmCS) CO"»'?\O-\-D.,‘(S)SW\’HGJ

where the coefficients C'n and D are to be determined presently.
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Now we introduce the slender body approximation. For
slender bodies % £<) , where { 1s the length of the body.
Hence to describe the flow on and near the body, we retain
only the leading term in the series expansion of K,, , i.e.,

Ko(il ») 2 (Qog '_‘_;B} _‘_0

)
KT\Q"“-’\B a 2 -1
(\au.x)”

where ¥ = .5772... is the Euler's constant. Thus

n=1, 2,..,

¢ = -co(s)[ log '5%—-}-”— -w_]

; (4)
4 E‘ C*\'\A[ C*\(S>QD\:\E_¥D~,(S)SW‘G\E
asl () n) (e} SO

By inverse transform

1\(J € A % 109
b= ocColeyat (s B[ IATE, Bl © ](5)

n
71 P

where

A (2) = 0[_‘[ -Q(S)]
Geo(x) = 1 [ C (5)(Qm§ Hl -\—d’)]

A = I P ot GO (58)
[ o W .]
B (WD) = 7' ooy Be)
J[‘Z (w0 ! .\;_‘_;_J

Introducing &£ = 32 and a complex potential W(zS s X), we

have

W (&2 =92y ap(iHogz 4 g, (x) + 5 )
= | g“ (6)




where

« e !,;54.;5
®

AnG) = Ay () 4t By(2) (6a)

PRe——

A1), @ (x)will be determined by the boundary conditions. In

i particular, oa,(x) can be determined in exactly the same way

as in Ref, (6), so that
s')

- Wy S G
N ~ % () = P . (72)

5 The term b (x) can be evaluated in terms of ao(x). From

Eq. (3), we have

e
; Q,oa B—-’- = S __a_lo > X 108 .___-M‘f ' + L
2 s 2

2

[ £2]

The inversion of these terms are found9 to be
. ') = sl

Ll ey

R ' ey (25)] - ™

o 2C

where &(x) is the Dirac Delta function. Then by convolution,
®

we obtain from Eq. (5a)
Go(x) = ac(®) 'Lo} r— f%(g)lo% (x-%§ VA& .

f -ga(z 5 - (x-&) (7v)
| -
Q x-‘!‘

. The term involving a(0) has been omitted because a, (o) v S’(c):o

for pointed nosed bodies. The first two terms are same as those
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given by ward® except for the appearance of the frozen Mach
number in the present result, The last term gives the non-
equilibrium effects., Any calculation not involving b, (x) will
be free from the effects due to non-equilibrium dissociation,

because it is the only place the non-equilibrium effects enter.

(b) Subsonic case .

For the subsonic case, all disturbances die out at a large
distance from the body, certainly they vanish at L =t N
Eq. (1) can be solved by the Fourier transform method, If é

[ ]
denotes the Fouriler transform of ¢ with respect to x, i.e.,

B« [ #x,9 ¢ ax - Fld]

[ ]
-%
then the transformed form of Eq. (1) becomes

-

%

;) ' §. 2 o T
__% YN —'- L L9 -0 (8)
B N Oy 31“ ;9“ -
where
®, -tw
2 2 s Al
<= et (1-My°) L o. _lw] (9

with B and ch similarily defined as in Eq? (3). Eq. (8)

differs from that considered by Adams and Sears’ only in ,
which now is a complex function of ¢c0 . This equation can be
solved, under the restriction «, > © , in exactly the same way

as in the supersonic case., Thus we obtain

é - > K.h(-H)[C,.(‘O)C""’“Q*Dw(@s‘“‘“g}

B T R L T e T T T S SRR T ST WP T I MY BB xS
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j ‘ The modified Bessel functions with complex argument have

{ similar asymptotic forms to those with real argument. For

slender bodies we retain only the first term in the expansion
series of \<, , the solution becomes formally identical with

) that for supersonic flow given in Eq. (4).

P, \ . >y » . Cn() AT e D, \ "%
: i %C&)m)gv = —COLC">[QC% .%?l‘*‘é:}"‘v\zz-[ Z (‘6\ ),‘[—:r—\:;‘-— + ((*- Sﬂ\ ( )

Making inverse transform;
L ]

= [ A (D) B (x)svnnE
CP(.’L)S\)‘B3 = QO(.L) gcgi‘z .\.Qo(_’x> +‘o%.[ n = — r__._}:.__——] (11)
>

where

A, @ = F"[ 277 ()] (e (11a)
47‘
= - D.n(Cu)
* 2 go-0))
B G = F[27¢ ]

F-l[_f(w\ = 2“ (+(®>e’ > c\,/(

A,(x) and B,(x) are real because t}’ is real. Again let Z ?;\ete

and consider ¢(x,3%)as the real part of a complex potential

. | W( z, x) so that

\r\/(i 1)< %(O&M _*g,o@) “)’Z g (%)

!\*Q

(12) ;
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where

s; O (1) = An(x) + By ()

Op(x) Uyn(x) must be determined as before by the boundary
LJ

conditions, while Q,(x) may be evaluated in terms of O, (_:L) .

To evaluate &, (x) , we rewrite Eq. (9)

g e _ah

f -d‘l= w!(\_ M.:) [ w ‘}‘e\ elg - P = [Qn\‘l (?‘—Eg)co

; w® 4+ el ’ <

?’ %?2 + @

% for s, l>.0 s, We put
fi 2 2 /g4 }
. “ el - g [ wz‘—+eLJ o'

Py Il A =N e
] so that j
o < ‘ 4‘_’_@;{ 1 ARRY<S 9

} Qog—i- = Q.O% ) + 1\08 " 103{60213{] <+ L.?_-_ (13)

The inverse transform of- these terms can be showng’]'0 to be

F[ g o]

2
(14) :
F"[_l loq QQ‘T@\Q ) ‘@'4'2'- AL
4\1x) |
) el g f
F [ \% J = Sgrie ¢ - c
4 \x|

where §(x) is the Dirac Delta function and Sa*nta)is defined

by




x

12

then by convolution, we finally obtain

0 = o G) by —‘;i Y- NLEOLTICS
R

"2 S 0 (8) by (x-3)dg + L fq,,’(zs) log (5-x) A5
\ Y e'?ﬂ(x“ﬁ _\3’.(4—«5)
-+ Y {qf’@) —————:—-‘:-(‘3‘— oké'; osx < 4 (15)

To save writing, we have heare used the condition that ag(x),
ay'(x) vanish for {« x and x < 0 as a direct result of
Eq. (7a). Except for the appearance of the frozen Mach number

the first five terms are the same as those given by Adams and
Sears7. Again the last term of b,(x) gives the nonequilibrium
effect., We observe that the nonequilibrium term has the same

form for both the supersonic and subsonic flows.

From the classical hydrodynamical theory, we recognize
immediately that the first term in Eqs. (6) and (12) represents
a two-dimensional source while the summation terms represent a
two-dimensional doublet (n = 1) and higher order signularities
(n >1). Therefore W- @oo.)represents an incompressible two-

dimensional potential flow past a cylinder of general cross

-
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The nonequilibrium effect appears only in the last term
of by(x). Since Eqs. (6) and (12) differ from the corres-
ponding formulus in the conventional slender body theory only
in by(x), it follows that the nonequilibrium dissociation
affects only the x-component of velocity u', not v' or w' in
the radial or angular direction. An immediate consequence of
this is that the nonequilibrium dissociation does not change
the lateral forces and moments because they depend on the cross

flow as will be shown later.

13
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III. DRAG, LATERAL FORCES AND MOMENTS

In order to determine the aerodynamic forces on the body,
some information about the order of magnitude of some pertinent
quantities is needed. Following Ward's proof, we remark first
that on the body the normal and tangential velocity components
in a cross plane (perpendicular to x-axis) are both <D(t),
consequently on and near the body

4
dz

then Eqs. (6) and (12) indicate that

o(t)

0,G@iw o () , m=0,1,2, ...

ex 2 ~ 0 (kqi(ﬁt)
3¢ 4 o¢ b

Lo 1™ 6 )

a0t 3 Spe
In other words, the order of magnitude of these functions are

not changed due to the nonequilibrium'dissociation.

(a) Pressure relation
In deriving Eq. (1), we used the linearized Euler's equa-

tion

o/
-©-

E- P
Co

"

{

I
¢
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’§ which is just the linear approximation to the pressure. This
i‘ pressure relation is usually good for two dimensional flow.

2
For a slender body as we have just shown that ;i% and (%% ) ,

t 2
B éi%g%) are of the same order of magnitude on and near the

| g body, a better approximation is therefore

b [23 L L 3
| "z

2 TR d %2\ %2 N 29
)
iewuvo * v

which is the familiar quadratic approximation of the pressure

for the slender body13. That the linearized equation (1), where

2
the terms like (EL_) etc. are neglected, in combination with

oOxr
| | the quadratic approximation of Eq. (17), where (%ﬁg)z and
ia(gaf)z are kept, gives the correct first approximation for
the aerodynamic forces on the body is well known in the conven-
tional slender body theory. We here merely demonstrated that
the same pressure Eq. (17) should be used for the same reason,

namely the terms on the right side are all of the same order of

magnitude near the body.

(b) Density relation
In deriving Eq. (1), we also used the linearized continuity
equation
‘2 - f“’?w
| ul( + T =0
¥ dDx Py

meanwhile Eqs. (5) and (11) indicate that in our present non-

,! equilibrium case, ¢ also satisfies the Laplace's equation in

o

o Rt b e
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|
! the cross plane i.e.,
X 2
— = t - 22 + = EEiL = O
227 % 9% 2 dp*
hence
- 2
Mw%x(-&) +___—-é¢2 - 0O
v Da
or
: Qo W, vx (18)
which is again the same form as used in the conventional case.

Having thus shown that the same pressure and density relations
as in the conventional case can be used for our present non-

equilibrium case, we are now in a position to calculate the

P aerodynamic forces.

(c) Drag relation

Our solution ¢ given by Egs. (5), (11), pressure Eq. (17),
density Eq. (18) are of the identical forms as these for the
conventional case, it follows that the expressions for the drag,
lateral forces and moments deduced by Ward6 from the general
momentum theory apply equally to our present nonequilibrium flow,

the drag is given by

=, ‘iv%ci)%(ft)wt‘*“’L ') Az
Lo 2 — o - (ao ) & (XD
26&» v ’v\fi '\A;o

v

(19)

. ot b A S0 e e
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where C denotes the contour of the cross section of the body
in a plane normal to the x-axis. %ﬁ denotes the
derivative of the perturbation potential taken with respect
to the outward normal to the body cross section contour (Fig. 2).

Cpg i1s the base pressure coefficient,

For supersonic flow, substitution a&,(x) , &,(z)

from Eqs. (7a), (7b) gives under the assumption of pointed nose

D ¢t
31_6::1 - —2_;} (Ss"cms"(z) log Vo -5 144 x *S(D S'(a) beg(-2)d4

9 o 0

- 24

W2 ( f‘% ds) Q “ Ctus s

| S e*?:=.(“<{) ~e (x-a)

" aw j S s'te) s'(a) —=  dgdx
21\—@ ; x -5

-c )

4 4
i -
° * (20)

[ n '
5_@){ i,‘§> e§%"'(&-4\ —\310"4)

where the first four terms are same as those obtained by Ward.

The last two are purely due to the nonequilibrium dissociation.,

e S b s R £ < e

The third term contains the contributions due to the angle of i
attack and also the nonequilibrium dissociation because 7; |

contains Q. (x) . This term will be evaluated later when a
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specific type of body like the body of revolution is to be

considered.

It is interesting to notice that for pointed nose slender
bodies, Eq. (20) does not depend on the Mach number, a fact
which is well known in the conventional case. A consequence
of Ehis Mach number independence is that to the present approxi-
mation, a slender body experiences the same drag in an equili-
brium or frozen dissociating gas flow as in the conventional gas

flow, because the governing equations for these cases differ

only in Mach number.

There are two cases for which Eq. (20) may be simplified.
(a) when S( ] ) =0 i.e., the body is pointed at both ends,

and (b) when S'([) = 0 and the generators of the cylinder are

parallel to the free stream which makes ?ﬁi n A =0. For
Y AS

both of these cases, omitting the base pressure for case (b)),
> £l
—_— R i -
L =2 = Py ggs(l\.S(i)LLa \XA-;,\' C)‘ic\‘
e Tr 3

x o 02 (-8 S0 &) (21)

a

f
\ ! e - §
‘*;{_(JS’(})D(\“>( ———"—1—7— }d{dl

O 9

®
Since (3‘ >(32 , the quantity inside the bracket in the
second integral is always positive. However the sign of S"(x)

and S$'(x) is, in general, dependent the body shape. The sign

’
H

Pt o s ot Somete SR e, 1R Saraaiin el 0L 3T
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of the second integral therefore cannot be asserted, in other
% words, one cannot say whether it represents a drag or a thrust

in general.

Though one can integrate the second integral in Eq. (21)

by parts, and using the condition S§'(0) = O, to yield

(’a Cx 4) + X "= @I \32 (x—4) - - ]o\io\"(na)

[, x
| s"(zvs”w[(e. Bu) (- 5= ¢

or, by the definition of exponential integral, one can rewrite
P it as

( P
'su) leg & @, HSHG‘)S@LE[{ ®20-2'F = Ei5-9 (< -S)J dzdx
Q

(o

: _ "’1 L . (21b)
= =354 9 s@s@ |2 $. |>-5)§—l't%-—@i\x—é\‘?dol%dx

i

gv it still does not appear to be possible that a definite con-

clusion on the sign may be drawn- from any one of these alterna-

i, tive expressions in general, The situation is different for

: i the first integral in Eq. (21) due to the different behavior of

log (x-%) andgEI[-Pz(x-‘ii] - E;[-Qa(}-iﬂz. This first integral

©———
+

certainly gives a drag and is larger in magnitude. Some further

discussion about the sign based on the mean value theorem is

given in the Appendix,
L ]

In the case of a slender cone, R(x) ®= (constant)x.

it follows then that

s'(x) = aTgR >o

2
L s'(x) = 2zn ¥ >0
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therefore = S'(x) s'(g) > o and the second integral

of Eq. (21) represents an increase in drag.

For subsonic flow, we consider the body to be pointed

at both ends so we may assume the absence of the upstream

influence of a wake. Egq. (19) thus becomes

| ] ;\-_ ?\-mt ,—1-&: j a, (= o) ¢ (19a)
s °

on substituting c10(13,.@0<;t§ from Eqs. (7a), (15), we

]

]

% f: have

D | V, AN A L

=z oo ]S 5(5[ - "¢ J dx

f { Ilﬁv*“i 27 f ) x -3 0\4’ (22) -

o 2
?35 the other terms either vanish by the assumption of pointed ends
i or cancel out each other. Eq. (22) says that there exist a non-
equilibrium subsonic drag or thrust which in fact has the same
form as its counterpart in supersonic flow given in Eq. (21)
except that the sign is just reversed, because for subsonic flow,

8, < @.1 the quantity inside the bracket in Eq. (22) is always

negative, The possibility of a nonequilibrium thrust at subsonic
i speeds as indicated here deserves further attention. In fact,

as pointed out in Introduéﬁion, Clarkel2 has obtained a subsonic
nonequilibrium drag formula same as in Eq. (22) but he has con-
cluded that the slender body would experience a positive non-

equilibrium drag. To interpret the present result, we need to
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obtain some physical insight of the nonequilibrium drag problem.
[ ]

This is exactly what has been accomplished in Ref., 8. We shall

discuss the physical aspects of the nonequilibrium drag probelm

in Section 1V,

(d) .Lateral forces and moments
The lateral forces F,, Fy acting on the body can also be
determined from the momentum considerations. However it is

more convenient to write them in complex form

F o= F'é + o F,

so that the theory of complex function can be applied. Clearly

the real part F_, in our present coordinate system represents

y
the 1ift, The expression for F deduced by Ward depends only on

TN P S S SO R TR e A

the coefficient Q (=) and the base cross section, but not on
the term @O(;) . Consequently the lateral forces and their
moments about the y and z-axis are the same for both supersonic

and subsonic conventional gas flow.

For our present nonequilibrium flow, the nonequilibrium
i T effects as discussed above, also enter only through the term
bo(x){ Since Ward's expression for the lateral forces and
% ‘ moments apply equally to our case, therefore we conclude the
nonequilibrium dissociation does not affect the lateral forces

and moments. To emphasize this point we may state that a
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slender body according to the present approximation experiences
the same lateral forces and moments regardless of the flow being
supersonic or subsonic, dissociating or non-dissociating, in
equilibrium or frozen or in nonequilibrium. This conclusion is
not surprising because the cross flow for all these cases is

regarded as incompressible flow in the present approximation.




% IV. PHYSICAL MECHANISM OF NONEQUILIBRIUM DRAG

Calculation in Section III show that a slender body would
experience an additional drag (positive or negative, depending on
the body shape) caused by chemical relaxation in a dissociating gas.
The recent study of Kusukawa and Li provides an explanation of the
physical mechanism of this nonequilibrium drag. They showed that

the body drag can be computed as follows:

o
D= ~—\‘7;fjdo‘ .( Fc’.\/ (23)
; ~ 2.2« ba
§ j where
; s AVAR —%— = ) P;',o\*.\c \(.»(\l"\\/ ,,'\
R . |
g 1 \/,, = —gﬁr‘ el F nLL S bxi U, 3 (P Y'C'(

2=-wand 2 = + » denote two points F and (. on a streamtube,
) upstream and downstream far from the body where all perturbations
almost vanish and f}kicr‘ denotes the integration with respect to
all streamtubes, the streamtube cross section being do . From |
Eq. (23) it is seen that the sign of the drag is determined by the

sign of the following integral along a streamtube:

2= 4y 22 4e - ‘ ]

- FCL\/ = -j“%*F')O\V'
V-

<«

(23a)

25w
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© mem—t

where P ! b - by

\

The subscript Y denotes here free stream quantities and the

1

V' ‘v\.

"

primed quantities are perturbations*, Therefore if we can determine

j p'and v’ along a streamtube we shall be able to compute the drag.

Using the Lagrange's approach, Kusukawa and Li obtained a linear

equation that provides the governing relation between the variation

| of p' and V'of a moving material element on a streamtube. In the

{ case of subsonic flow past a slender body, the function V' between
P and O. can be generally represented by a Fourier series:

i . & E > £

L Vi 2 aySwaim—5 +5 & cxdin 5 (24)

¢ n =) 3 n= v

* ' where t is the time variable, 5 * denotes the time interval during
1 i which the material element moves from P to & . The Fourier co-

’; ; efficients a, and b, must be determined by the dymamic and kinematic
conditions appropriate to the problem and indeed they must be de-

} pendent on the body shape., In Ref, 8, it has been shown that the

} perturbation pressure b," that corresponds to a Fourier component
s v I = < 2T1 _t:-
i . 1) - Q—w\ d T (91 (25)

* This should not be confused with the prime that denotes
- differentiation such as sl in Eq. (7a).
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can be obtained as

! 2 4y iR —E— +
P’“ - - a._n XZ4+Y" Swn (Q\ 9% q/-vx) (26)
R
h - - 2Wn £ -'- b 2Mn «\X
we X [CR e (R ]

fr = Tan ™ Y
%

From Eqs. (25) and (26), we conclude that \Q'and P# are out of
phase due to relaxation effects., In equilibrium and frozen flows,
however,'Vg/and p;are in phase and ¢ =¢ . The consequence of
this phase shift due to relaxation effects is to cause a nonequili-
brium drag as can be verified from application of these results in
Eq. (23a). Indeed, in equilibrium and frozen flows, §, =0 , D=0,

and in nonequilibrium flow, 4%‘% © , Kusukawa and Li obtained

> ! VA Z — N
D = ev’-,\z.—_\ (S(A‘n + 5B, )A" >0 (27)
where 4 2
F\-h = <™ a.. >/ >0
9 _ 2
BT = -n ‘%'7\ Y >0

/
Therefore, the phase shift {’\ for the functions V,, and P,\/can be
regarded the physical cause of the appearance of a nonequilibrium
drag. This drag is positive by Eq. (27) because a, and by, which

are dependent on the body shape, have been assumed to be real quan-

e it € S o S 7 St bt oot Jom e eS0T e e e e S L e Ty e s DT T ek kit
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be represented as in Eq. (24) with real a, and b,, we must expect
the subsonic nonequilibrium drag to be positive. This also shows
that the possibility of Dw Af -+ _'B: exists only if

CL;?+- Q~;l which implies that a, and b, must be complex quan-
tities for such bodies. This possibility has not been seriously
considered here since W/J in Eq. (24) is a real physical quantity
and generally a,, b, are expected to be real quantities. We remark
therefore that the subsonic nonequilibrium drag on a doubly pointed
slender body is positive. In this sense the integral in Eq. (22)
should then take negative sign. Kusukawa and Li did not consider the
supersonic flow case in detail., They pointed out that in such a case
the drag would consist of supersonic wave drag and the nonequilibrium
drag. The nonequilibrium effects would tend to provide damping of
the disturbances propagating along Mach waves and would thus be ex-

pected to decrease the wave drag from the conventional value.
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V. APPLICATION TO BODIES OF REVOLUTION

Since the lateral forces and moments are same as the conven-
tional case, we shall consider here only the drag problem, Fur-

thermore for subsonic flow, the body must be pointed at both ends

i so that our present theory may be applicable, and the drag has been

P completely determined in Eq. (22). In *the following we therefore

} consider the supersonic flow only, and the body may have a flat base.

‘ Our method of solution is first to obtain a complex potential
L . ;V-—g;c;)using our knowledge in the classical incompressible two

dimensional flow. When a body of revolution is at a small angle of

e

attack -wio (Fig. III), we may consider the cross sections in a plane

normal to the x-axis to be circles through they actually are ellipses

[ROS——

with an error of O («*) . It is well known that for a circular
] cylinder, the complex potential should be the superposition of a

source and a doublet, i.e.

Wiy S () = /
. W-Z0= WEE gz - WS G (g

! R T 5-5,
where is the center of the cross section, given by Z, = ~o,X
«, denotes the angle of attack. The coefficients were so chosen :

‘ § that the boundary conditions will be satisfied as shown below.
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L8 9
on the body & -Z,= R{(x>e substituting SG)=TTR(®

&, = —eloX in Eq. (28), we obtain

- 7 sl(x) . — -0
T (xR, 0) = & @) BEE[deg R () +ig]+ LHREE (39

The real part in Eq. (29) is

ﬁ\ﬂ SI(_‘i>
2m

¢= &, (= +

leg RO+ Wyeod RO 08 % (30)

From the boundary condition, we have

24 . o dm
T - I
for a body of revolution at angle of attack - g
M ! .
T = RI(x) = oA Cov @

therefore, we obtain

¥ oW [#() - L cone] (31)
n

This same relation can be obtained by differentiating Eq. (30).
Thus, the coefficient in Eq. (28) have been chosen correctly.

Furthermore, expanding Eq. (28), we obtain

—

i
W= 2, () = wes'(2), M\,(s'(;&)zg—yQS(ﬂ,da)
2T ! ey
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which shows that

S'(Jt)za -+ QS(x)é‘a'
T

f§§ a () = 'ﬁv[_

while &,is the same as given by Eq. (7a).

Known 4> and Pi , we can evaluate the contour integral

7 29 on
i <c§ ¢ Znnds)x: | in the drag expression Eq. (20)

LN S KO

"

2n
Ry ( [2@ + S Logr(d + RRAU)<cer GR( -4 ccit[RUMS

¥ = o[ B+ B ] R

27T
= o
- "\lb,s’(fl)[zc(ﬁ,\ + “;if.”lc,gkuﬂ - Zs)w

| Substituting & ( 2) from Eq. (7b) in the above expression gives
+]

. -~ 2 5 - -
| [3( ¢ 21 as;] = v g% beg T2 R0 - “*:5»_'.@}5"@3 log (1-)93
, o 2 c

3 27 Vo2
| (32)
! w2%'(h) Q e-?’(g—éﬂ -% (-5 2
— ( Sl(‘g) —_—c A{ - &25(9 h.;v
AT L- 2
We may write the drag coefficient as follows:
' D
. = — = Cp +Cy + C (33)
2 D » >
‘ T ° t nov ey

where CPo 3 C1>L . Cm‘nc'nay are respectively the drag coefficient

' 3 at zero angle of attack, the induced drag coefficient and the non-

] equilibrium drag coefficient.




Substitution of Eq. (32) into Eq. (20) then yields

Cou = 3 { f 5" (@) fog \x-5) dgdx

o0

l R
b S (st lg -0 dg - W T 5 gy
- p F4l 2 (343)
¢y, £+ s(4) (34b)
! = | --?2(3'"45 @(x-{’
o X < - e A
]D“m\cw : o o 0( (.13 s (%) . AX X
(34¢)

We have thus demonstrated that the drag contributions due to the
angle of attack and the nonequilibrium dissociation can be separated,

as might have been expected in the present linearized theory.
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VI Conclusions

In the present paper we have considered the inviscid com-

pressible linearized dissociating gas flow over slender bodies

of general cross section. Essentially it is an extension of the
earlier works of Ward and Sears and Adams to include the disso-

ciafion effects, The transform methods have been used to obtain

the solutions, both supersonic and subsonic case have been examined.

g | The effects of Mach number and the rate of dissociation enter
only through the term QQC}% The pressure and density relations
have been shown to take the same forms as in the conventiunal
theory (c.f. Eqs. (17), (18) ), consequently, the expressions for

the lateral forces mements and drag deduced by Ward from general

momentum theory apply equally to the present case.

For the equilibrium and frozen cases, the lateral forces moments

[emp——

and drag were found identical to those for the conventional case pro-

vided that the tail end of the body is either pointed or has a cylin-

drical form.

For the nonequilibrium case, the lateral forces and moments
were found to be the same as in the conventional case, but there exist
additional nonequilibrium terms in the drag expression’. They may -

represent drag or thrust., If the body is pointed at both ends, the
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nonequilibrium term is the sam for both supersonic and subsonic

flows except that the sign is just opposite. By considering the
physical mechanism of nonequilibrium drag, we obtain that in the
subsonic case, 1t represents é drag, in the supersonic case it is

a thrust.

Application to bodies of revolution in the case of supersonic
flow has been carried out in detail. The drag expression can be
separated into three parts, (1) the drag at zero angle of attack,
(2) the induced drag and (3) the nonequilibrium terms which may

represent drag or thrust,
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Appendix
Estimation- of Integral by Mean Value Theorem

Mean Value Theorem

Let (a) CP(JL) and \ (x) be bounded and integrable in [a,b]

and (b) \# (x) keep the same sign throughout [a,b], then
z Z g
m §<PC1\J~£L < f\y@dcy(k\/"k"i L M A(QCx\da
[eN 8 N c

where M and m are the upper and lower bounds of Y (1)in [a,b] ,

or we write

4 S
[0y peodn = y) [gwan o <7<

For proof of this theorem, see, for example, Courant's Differential

and Integral Calculus, Vol, I, p. 127, 2nd ed.

We now apply this theorem for the estimation of the integral

inEq. (22). We know for the subsonic flow e, < @,

~8 (xR _ge(x-4'

t63) - © >0 ko o <3<x
¢ - X
hence
D = ( (5"(1\5’(g\~ sy dxd
= | byt SO %
Z Qe %o ;

©
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‘ Z
= f s> s'(a(m) f {004 ) o\édx oL

Q

_ f 5" S’( ,\7(;(\)[2.1\ (-g,x) - b\(-?ﬂ) 4 lo%g«?] dit

)

Now since

[E\ (%) - E(-8=) + Xca 2’7') >0

we may again apply the mean value theorem so that

D = gl 9 2 ey f | < Yok ¢~ OL‘?‘l
Teom> - (4)s (f%)o [r(apn)-t(xe ) rheg E ] g gcf
The last integral is positive, but both 5'(s)and S'(Jo)may be
positive and negative depending on the body's shape, consequently

T may be positive or negative, i.e. drag or thrust.




